We consider the value process described by the Constant Elasticity of Variance Model (CEV), given by the stochastic differential equation dXt = αXtdt + σX γ t dBt, with X 0 = K, and 1/2 ≤ γ < 1. Denote the time of ruin τ K = inf{t : Xt = 0}. We give an asymptotic for the ruin probability by time T , P(τ K ≤ T )
The most likely paths to ruin is also found. The results are obtained by solving a control problem arising with help the Large Deviations Principle (LDP).
Introduction and preliminaries
1.1. We consider the value process X t described by the Constant Elasticity of Variance Model (CEV) introduced by Cox 1996 , [1] . The model is given by the stochastic differential equations with respect to Brownian motion B t , dX t = αX t dt + σX γ t dB t (1.1) with X 0 = K, and 1/2 ≤ γ < 1.
(1.2)
Define the ruin time τ K = inf{t : X t = 0}, (inf{∅} = ∞). In this note we evaluate asymptotic behaviour of P(τ K ≤ T ), K → ∞ for any fixed T > 0. The novelty of our analysis is that together with the asymptotics of ruin probability we also find the most likely path to ruin. Comment on the choice of γ in (1.2): for γ = 1 the model is that of the Black-Scholes X t = Ke σBt+(α−0.5σ 2 )t and clearly precludes ruin, P(τ K ≤ T ) ≡ 0. For γ < 1/2, the solution of (1.1) is not unique.
The case γ = 1/2 was studied in [5] , and in this note, we follow that method to extend the result for the case γ ∈ 1 2 , 1 . Set x K t = K −1 X t and transform (1.1) into
is a small parameter and the family {(x K t ) 0≤t≤T } K→∞ is in a framework of the Large Deviation Principle (LDP) of Freidlin-Wentzell's type, [3] . Since τ K = inf{t : x K t = 0}, we can expect the LDP for {(x K t ) 0≤t≤T } K→∞ to give the asymptotic for P(τ k ≤ T ) with the rate K −2(1−γ) . 1.2. Stochastic equation (1.1) possesses a unique strong nonnegative solution absorbed at zero at time τ K , as the following argument shows. Since the diffusion coefficient is not Lipschitz continuous at zero, define processes X i t given by
For these processes the coefficients are Lipschitz, and satisfy the growth condition, hence a unique strong solution exist. Strong solution to (1.1) is then constructed by the observation that
The uniqueness the strong solution follows by the Yamada-Watanabe's theorem (see, e.g. Rogers and Williams, p. 265 [7] ) since its drift and diffusion parameters are Lipschitz and Hölder (with coefficient γ) continuous respectively (see also [4] p.17 and Theorem 13.1).
The paths of x K t are nonnegative, so that we study the LDP for (
. Moreover for positive and absolutely continuous test function (u t ) t≤T with u 0 = 1, we expect the Freidlin-Wentzell's rate function
Freidlin and Wentzell considered a constant diffusion coefficient, but it turns out that the rate function constructed by that principle is correct, despite the possibility of degenerate denominator. Difficulties concerning nonnegative test functions u t 's are overcome exactly as in [5] with γ = 1 2 (related topics can be found in Puhalskii, [6] , and Donati-Martin et all, [2] ). The LDP result is formulated below (without proof). 
Following [5] , the paths u * t , minimizing J T (u · ) belong to
A is the subset of C [0,T ] (R + ) characterized by u t > 0, t ∈ [0, T ) and u 0 = 1, u T = 0, called "paths to ruin".
The main result
Theorem 2.1. For any T > 0, 1) the path to ruin, depending on α and γ, is given by
, α = 0
, α = 0.
(2.1)
2) lim
Proof. 1) We follow the main idea from [5] . The first step of the proof deals with the minimization of J T (u · ), u · ∈ A, that is, u * · = u * · (α, γ) such that u * · = argmin u·∈A J T (u · ). Due to the definition of J T (u · ), it suffices to restrict ourselves to consideration of absolutely continuous functions,
This is reduced to the following control problem: to find a control action w * t with T 0 (w * ) 2 t dt < ∞ such that the controlled process u * t , solving the differential equatioṅ u * t = αu * t + (u * ) γ t w * t , t ∈ [0, T ) subject to u * 0 = 1, moves, remaining positive, from {1} to {0} and for any other admissible control action w t , with the same property of controlled process u t , it holds
Let u t correspond to an admissible control action w t . Set
Then, obviously,v t = (1 − γ)[αv t + w t ] and v 0 = 0, v T = 1. So, we are able to chose w * t , satisfying (2.2) and moving v * t from v * 0 = 1 to v * T = 0 and preserving v * t > 0 for any t < T .
Let w t be an admissible control action. Hence,
On the other hand, by Cauchy-Schwarz's inequality, it holds 1
In other words, the following lower bound holds true:
(2.4)
We choose w * t := ce −(1−γ)αt that achieves that bound, giving equality in (2.4)
5)
which holds for any constant c. Now choose c such that
In other words, c has to solve the equation
The latter gives
By (2.3), u * t is satisfies (2.1). 2) The result follows from
To see this, it suffices to notice that {τ K ≤ T } = {(ω, t) : ∃t ≤ T, x K t (ω) = 0}. Denote {τ K ≤ T } cl , and {τ k ≤ T } int the closure and interior of {τ K ≤ T }. Then, by the LDP, we have
Since lim K→∞ = lim K→∞ implies the existence of lim K→∞ , it remains to show that inf t≤T J t (u * · ) = J T (u * · ). By (2.5), and J t (u * ,t ) ց J T (u * · ) as t ր T .
